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We present an alternative method for determining the sound velocity in atomic Bose-Einstein
condensates, based on thermodynamic global variables. The total number of trapped atoms was
as a function of temperature carefully studied across the phase transition, at constant volume. It
allowed us to evaluate the sound velocity resulting in consistent values from the quantum to classical
regime, in good agreement with previous results found in literature. We also provide some insight
about the dominant sound mode (thermal or superfluid) across a wide temperature range.
I. INTRODUCTION
There are many striking differences between normal
fluids, studied through standard hydrodynamics [1], and
quantum fluids, which behavior is governed by quantum
hydrodynamics [2]. Some of them stand out such as the
existence of two sound modes in superfluids [3] in contrast
to a single, unique sound velocity in normal fluids. The
origin of the two sound velocities in superfluids emerges
from the motion of the superfluid component as an in-
dependent degree of freedom [4, 5], eventually modeled,
together with the normal component, in the two-fluid
hydronamic theory [5]. This treatment has been devel-
oped and widely applied to liquid Helium and the seminal
contributions are due to Tisza, Landau and Bogoliubov
[5–7].
The velocity of long wavelength excitations is directly
connected to variations on the local pressure and density
of the fluid. Indeed, as we will review later, the veloc-
ity of sound is proportional to the derivative of pressure
with respect to density. In the two fluid model, since
the superfluid component is treated separately from the
normal component, there can be two independent modes
for density perturbations: (i) the first sound, analogous
to the sound velocity in normal fluids, where superfluid
and normal components move in-phase, which is essen-
tially a density wave and (ii) an out-of-phase oscillation
of the components, also regarded as a temperature wave,
named second-sound.
Although the theory has been developed for liquid He-
lium, it is not easy to experimentally investigate sound
modes in this framework, since interactions are very
strong. On the other hand, Bose-Einstein condensates,
to which quantum hydrodynamics fully apply with spec-
tacular results [8], are very versatile systems where the
parameters (e.g. geometry, interactions, total number of
particles, atomic density and temperature) can be tuned
almost at will and, most importantly, the superfluid and
normal components can be directly imaged and sepa-
rately analyzed. Indeed, in atomic superfluids the first
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and second sound modes take a slightly different charac-
ter: at high temperatures the former is identified as an
oscillation of the thermal cloud density and the latter as
an oscillation of the BEC density, while close to T = 0
this is reverted.
The first measurements of the sound velocity in a BEC
were performed by Andrews et al. [9] by inducing a den-
sity perturbation in the BEC and observing its propa-
gation as a function of time, allowing for a direct mea-
surement of the excitation velocity. In order to compare
their results with the theory, authors treated the den-
sity as homogeneous at half the BEC peak density, since
they would not have access to local density or pressure of
the fluid. This study triggered various theoretical works
[10, 11] and eventually the sound velocity was studied
in optical lattices [12, 13], the excitation spectrum has
been measured [14] and also shock waves were observed
[15, 16].
A few years ago, Meppelink et al. [17] revisited and
extended the early works by observing a sound wave in
the BEC at finite temperatures and with improved tech-
niques, allowing them to produce smaller density pertur-
bations and therefore avoid non-linear effects. The ob-
tained results display a good agreement with the theory.
Recently, the sound modes of quantum fluids have been
investigated in fermi gases [18–20], lower dimensionality
[21], in the context of spin-orbit coupled BECs [22] and
in the presence of disorder [23].
Here we take a different approach to investigate the
sound velocity of a Bose gas at finite temperature across
the Bose-Einstein condensation transition. In contrast to
previous experimental investigations, we do not imprint
a density perturbation in the BEC but we take a cloud
in equilibrium and evaluate directly its global thermodi-
namic variables [24]. By varying the number of atoms in
the cloud for several different temperature and keeping
the global volume parameter constant, we calculate the
variation of the global pressure parameter with density
and determine the sound velocity. This method allows
us to compare our results to the original thermodynamic
derivation of the sound velocity for a quantum gas. Be-
sides, we obtain the contribution of both component sep-
arately for each temperature, which is not possible by the
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II. THEORETICAL BACKGROUND
In the following we review the basic theoretical aspects
related to the sound velocity in ultracold clouds and how
we use the global thermodynamic variables to obtain it in
this work. We restrict ourselves to key results and refer
the reader to more complete and comprehensive reviews
of these subjects [25, 26].
When studying small amplitude oscillations of the den-
sity of an uniform Bose gas in local thermal equilibrium,
one can specify the local state of the system by its total
mass density ρ, the superfluid velocity vs, its temperature
T and the velocity of the excitations of the fluid.
Upon writing the continuity equation for the density
and mass current one ends up with an equation relating
the density and pressure p of the fluid:
∂2ρ
∂t2
= ∇2p. (1)
Also, one can write a relation between the velocity of
the superfluid and the chemical potential µ which even-
tually leads, after some manipulation via thermodinamic
relations, to
∂2s
∂t2
=
ρs
ρ
s2∇2T, (2)
where s is entropy per unit mass and ρs is the superfluid
density. Since s depends on the density and temperature
itself, one can immediately identify equations (1) and (2)
as coupled equations for temperature and pressure.
Solving the coupled equation by looking for small am-
plitude plane wave solutions one find a quartic equation
for the velocity of the excitations, which, for ρs 6= 0 has
two distinct solutions, identified as the first and second
sound modes of the quantum fluid.
The sound modes have rather simple expressions at
very specific limits. At very low temperatures,
c21 =
∂p
∂ρ
(3)
approaching the zero temperature Bogoliubov limit [26]
c21 =
gn
m
, (4)
where n is the number density and g = 4pi~
2a
m with a the
s-wave scattering length.
At higher temperatures with non-zero superfluid den-
sity, c1 is composed by two terms: the first, similar to
equation (3), taken at constant temperature, and the sec-
ond dependent on the entropy of the system [25]. As we
shall see later, we do not know how to explicity calculate
the entropy of our system and, in this regime, we can
only evaluate it at constant temperature. In any case,
c21 displays a linear behavior just before and across the
critical temperature Tc. If ρs = 0, there is a single solu-
tion for the sound velocity equation, which results in the
usual sound velocity of a fluid
c2 =
∂p
∂ρ
. (5)
Global thermodynamic variables were defined by
Romero-RochA˜n [27] as an alternative approach to treat
the thermodynamics of a gas which is not confined by
rigid walls but rather by a non-homogeneous trap that ex-
tends everywhere in space and interacts with the atomic
distribution differently at each point. We have been suc-
cessfully using this approach to investigate different ther-
modynamic quantities in Bose gases [28, 29].
In general, when dealing with non-homogeneous trap-
ping potentials, the standard definitions of pressure (P)
and volume (V) do not apply. Indeed, P and V are con-
jugate variables defined for homogeneous density distri-
butions. In particular, P should have the same value
in every position inside the volume occupied by the gas,
in strong contrast to a non-uniform density distribution,
where it changes from point-to-point in space. It is pos-
sible then to define the so-called global variables to de-
scribe the thermodynamics of an inhomogeneous system
[30].
In brief, starting from thermodynamic and statistical
mechanics assumptions we define a volume parameter
and a pressure parameter, respectively:
V = 1
ωxωyωz
(6)
and
Π = 23V 〈U(r)〉, (7)
= 23V
∫
n(r)(ω2xx
2 + ω2yy
2 + ω2zz
2)d3r, (8)
where ωi are the trapping frequencies, 〈U(r)〉 is the
spatial mean of the external potential and n(r) is the
density distribution of the gas. It should be noted
that, since we can write and experimentally identify
n(r) = nthermal(r) + nBEC(r), we can always write
Π = Πthermal + ΠBEC and evaluate independently the
pressure parameter of both components.
These variables have being proven to be a pair of conju-
gate variables, adequate to describe a non-homegeneous
system, leading to the standard P and V in the thermo-
dynamic limit [24, 27, 31].
Under this context, we define a global first sound mode
velocity for a Bose gas as:
c21g =
∂Π
∂ρ
. (9)
Upon writing ρ = mNV , where N is the total number of
atoms each with mass m confined in a Volume V, with
the volume kept fixed (as it is the case in our experiment,
since we do not change the trap) equation 9 leads to
c21g =
V
m
∂Π
∂N
. (10)
3By computing the variation of Π with N in our experi-
ment, we can immediately evaluate the first sound of the
cloud.
III. EXPERIMENTAL SEQUENCE
The experimental setup and procedure is thoroughly
described in previous works [32, 33]. The starting point of
our experiments is a sample of 87Rb atoms spin-polarized
in the |F = 2,mF = +2〉 hyperfine state in a har-
monic magnetic trap with trapping frequencies given by
ωz = 2pi × 21.1(1)Hz and ωr = 2pi × 188.2(3)Hz. Sound
velocity (equation (10)) is evaluated above, around and
below the critical temperature Tc for Bose-Einstein con-
densation. Atom-number ranges from 1 × 106 at 2µK
in a fully thermal cloud to 1 − 2 × 105 Bose-condensed
atoms with no distinguishable thermal component, indi-
cating condensed fractions N0/N > 70%. After reaching
a final given state, the trap is switched off and the atoms
are allowed to freely expand for 23 ms, after which they
are imaged through standard resonant absorption imag-
ing. We fit the cloud images with well-stablished bimodal
(gaussian + Thomas-Fermi) profiles to determine: the
number of condensed atoms, number of thermal atoms,
typical sizes, densities and the temperature of the cloud.
The number of atoms as well as their final tempera-
ture is controlled by increasing or decreasing the initial
number of atoms loaded in the trap and/or by the ra-
dio frequency used in the process of forced evaporative
cooling.
For this work we run the experiment varying the num-
ber of atoms and the temperature in the widest range
allowed by our experimental setup to obtain a precise
measurement of the sound velocity. After this set of data
is obtained, we group together images in the same tem-
perature range within ±5 nK.
In order to calculate the global pressure parameter Π,
equation (8), we use the well stablished Castin-Dum re-
gression [34] to determine the in situ dimensions of the
cloud, its in-trap density distribution and, together with
the knowledge of the trapping potential, the pressure pa-
rameter for each cloud. This is the exact same procedure
we have used in several previous works [24, 28, 29] to
evaluate the equation of state, the observation of a BEC,
its compressibility, among other phenomena.
In figure 1 we show typical data for the pressure pa-
rameter obtained by the above-described procedure as a
function of the number of atoms for three given temper-
atures. The displayed behavior is clearly linear and we
extract the slope of this curve, which is the important
quantity to evaluate the global sound velocity, by fitting
it with a simple linear function. Tipically, we impose a
minimum of 5 datapoints for each given temperature to
confidently evaluate the data, but most of the datasets
are much larger and comparable to what is shown in fig-
ure 1.
The sound velocity in our approach only depends on
 T = 500nK
(
Js
-3
)
Number of atoms (10 3)
FIG. 1. Typical sets of data used for calculating sound veloc-
ity. The squares are data for 500 nK, triangles are data for
300 nK and circles are the selected data in the temperature of
200 nK.
the slope of this plot, the mass of Rubidium atoms and
the volume parameter, which for our experiment is V =
5.4× 10−9 s3 and remains the same since it only depends
on the trapping frequencies.
IV. RESULTS
Figure 2 shows the squared first sound velocity, c21g as
defined in equation (10), as a function of temperature
evaluated by the procedure previously described. The
first feature to be noticed is that at very low tempera-
tures, the first sound mode approaches its zero temper-
ature value, equation (4), represented by the horizon-
tal dashed line. Also, at higher temperatures and while
ρs 6= 0, represented by the region of temperatures below
the vertical dashed line, one observe the expected linear
behavior of the first sound mode with temperature.
The inset of figure 2 displays a wider range of temper-
atures, well into the region where ρs = 0. The observed
behavior of the sound velocity in the thermal cloud is
the expected linear growth which extrapolates to zero at
T = 0 in the absence of a BEC transition with a rate
∆(c21g)
∆T = 9.2(1)×10−2 mm2s−2nK−1 (black line) close to
the theoretical expected value 8.2 × 10−2 mm2s−2nK−1
(red line). This small difference may be due to the other
contribution for the sound that should be evaluated at
constant entropy as already discussed in Section II. Be-
sides quantitatively precisely, this also highlights an ad-
vantage of our method: one does not need to imprint
density perturbations in the cloud to measure the sound
velocity. Those would be very difficult to follow in a ther-
mal cloud due to the natural damping, not allowing to
measure any sound mode velocity in this regime. Our
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FIG. 2. Squared (global) first sound mode of a Bose-Einstein
condensate as a function of temperature. Solid lines are guides
to the eye. Dashed horizontal line is the theoretical zero tem-
perature value of c21 (see text) and dashed vertical line is the
approximate temperature above which no superfluid fraction
is detected. Inset shows a broader range of temperatures for
c21g where one can see the expected linear behavior for higher
temperatures (T > 350 nK). The red solid line in the inset
presents the theoretical value for the sound velocity in ther-
mal atoms and the black solid line is a linear fitting using the
experimental data.
method, on its turn, allow to quantity the sound velocity
with ρs 6= 0, ρs = 0 and across the BEC transition.
We can also obtain two other sets of quantities related
to the sound velocity and which provide some additional
insight to the results. The first quantities are the par-
tial components of the first sound velocity, given by the
independent derivative of the BEC and thermal pressure
parameters with respect to the total number of atoms:
c2BEC−part =
V
m
∂ΠBEC
∂N
(11)
and
c2ther−part =
V
m
∂Πther
∂N
. (12)
One can immediately note that the defined global first
sound velocity, equation (9), is given by the sum of the
above-defined partial components
c21g = c
2
BEC−part + c
2
ther−part. (13)
The second set of quantities are the independent BEC
and thermal sound velocities as if they were completely
independent fluids:
c2BEC =
V
m
∂ΠBEC
∂NBEC
(14)
FIG. 3. (a) Partial components of the first global sound ve-
locity, given by the BEC (green diamonds) and thermal parts
(blue squares). (b) “Single fluid” (see text) sound velocity of
the BEC (purple up-triangles) and thermal fluids (magenta
circles). The solid lines in both (a) and (b) are guides to
the eye following the points. The horizontal dashed line is
the theoretical predicted T = 0 first sound velocity and the
vertical dashed line is the approximate limit above which no
superfluid fraction is detected at our experiments.
and
c2ther =
V
m
∂Πther
∂Nther
. (15)
Note that
c2BEC−part + c
2
ther−part 6= c2BEC + c2ther, (16)
but still both can give valuable information as we discuss
in the following.
Figure 3 shows the partial components of the sound
velocity. In both cases we plot solid lines just for eye
guidance. In figure 3(a) one can see the range where
each component dominates the first sound mode: be-
low ≈ 90 nK the BEC component dominates a vanish-
ingly small thermal component while above it the ther-
mal cloud dominates. The inset shows the lowest tem-
peratures to emphasize the predominance of each com-
ponent.
When we compute the independent sound velocities,
as shown in figure 3(b), it is even more clear that the
sound velocity in the thermal component varies linearly
with the temperature all the way down to zero temper-
ature. The propagation of the sound in the BEC part
has a mean value of c2BEC = 3.71(8) mm
2/s2, found by a
linear fitting with all these points, with a low dispersion
5around it. This value is represented by the horizontal
blue dashed line. Evaluating the Bogoliubov sound ve-
locity (equation (4)) that is valid only for pure BEC we
obtain c21 = 3.65(9) mm
2/s2 if we use the four points at
the lowest temperatures and c21 = 3.82(5) mm
2/s2 us-
ing all data for the BEC above the critical temperature.
This last result shows that our method is very precise
to determine the sound velocity in each component as
if they were completely independent. Besides, since our
measurements for the sound velocity in the BEC com-
ponent shows very good agreement with the Bogoliubov
theory, we conclude that the thermal part does not af-
fect the sound propagation in the BEC at lower tempera-
tures, which is expected, since the density of the thermal
component is too low compared to the BEC density. As
showed by the deviation from the predicted value, this
velocity is affected only if we consider higher tempera-
tures where the thermal component is dominant over the
BEC.
In conclusion, we have defined and evaluated a global
sound velocity of a Bose gas across a wide range of tem-
peratures down to the Bose-Einstein condensation transi-
tion. We have also shown that the BEC and thermal com-
ponents change dominance and character with respect to
the sound mode depending on the temperature. We have
also shown that several extra qualitative and quantitative
features are reproduced by our analysis.
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